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Teleportation for pure states, mixed states with standard and optimal protocols
are introduced and investigated systematically. An explicit equation governing the
teleportation of finite dimensional quantum pure states by a generally given non-
local entangled state is presented. For the teleportation of a mixed state with an
arbitrary mixed state resource, an explicit expression is obtained for the quantum
channel associated with the standard teleportation protocol. The corresponding
transmission fidelity is calculated. It is shown that the standard teleportation
protocol is not optimal. The optimal quantum teleportation is further studied,
its fidelity is given and shown to be related to the fully entangled fraction of the
quantum resource, rather than the single fraction as in the standard teleportation
protocol.
1 Introduction
One of the most profound results of quantum information theory is the discov-
ery of a quantum teleportation protocol 1. By means of a classical communi-
cation channel and a quantum resource realized by a nonlocal entangled state
such as an EPR-pair of particles, the teleportation process allows to transmit
an unknown quantum state from a sender traditionally named “Alice” to a re-
ceiver “Bob” which are spatially separated. Quantum teleportation has been
introduced in [1] and discussed by a number of authors for both spin- 12 states
and arbitrary quantum states, see e.g. [2-11].
For teleportation ofN -dimensional quantum states, the teleportation prob-
lem has been discussed in [7] in the case where the dimensions of the Hilbert
spaces associated with the sender, receiver and the auxiliary space are all equal
1
to N = 2m, for a given m ∈ IN . The relations among quantum teleportation,
dense coding, orthonormal bases of maximally entangled vectors and unitary
operators with respect to the Hilbert-Schmidt scalar product, and depolarizing
operations are investigated in [8].
These teleportation processes can be viewed as quantum channels. The
nature of a quantum channel is determined by the particular protocol and the
state used as a teleportation resource 1,12,13. The standard teleportation pro-
tocol T0 proposed in [1] uses Bell measurements and Pauli rotations. When
the maximally entangled pure state |Φ〉 = 1√
n
∑n−1
i=0 |ii〉 is used as the quan-
tum resource, it provides an ideal noiseless quantum channel Λ
(|Φ〉〈Φ|)
T0
(ρ) = ρ.
However in realistic situations, instead of pure maximally entangled states,
Alice and Bob usually share a mixed entangled state due to the decoherence.
Teleportation using a mixed state as an entangled resource is, in general, equiv-
alent to having a noisy quantum channel. Recently, an explicit expression for
the output state of the quantum channel associated with the standard telepor-
tation protocol T0 with an arbitrary mixed state resource has been obtained
14,15.
In this article we give a systematic description of quantum teleportations
for general quantum states 15,16,17. We first discuss the general properties
of teleportation for finite dimensional quantum pure states without the as-
sumption on equality for the dimensions of the Hilbert spaces involved. We
give a teleportation protocol for generally given entangled states and a con-
straint equation that governs the teleportation. The solutions of the constraint
equation give the unitary transformations of teleportation protocols. Detailed
examples and the roles played by the dimensions of the Hilbert spaces are
discussed.
We then consider the teleportation of mixed states. Using a different
approach as compared with [14] we derive an explicit expression of the protocol
for the quantum channel associated with the standard teleportation protocol T0
and an arbitrary mixed state resource. We further calculate the transmission
fidelity and show that the transmission fidelity of the standard teleportation
protocol with an arbitrary mixed state χ as a resource depends on the singlet
fraction of the resource χ.
To investigate the optimal teleportation, we consider the following prob-
lem. Alice and Bob previously only share a pair of particles in an arbitrary
mixed entangled state χ. In order to teleport an unknown state ρ to Bob, Alice
first performs a joint Bell measurement on her particles (particle 1 and particle
2) and tell her result to Bob by the classical communication channel. Then
Bob, instead of the Pauli rotation like in the standard teleportation protocol1,
tries his best to choose a particular unitary transformation which depends on
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the quantum resource χ, so as to get the maximal transmission fidelity. We
derive an explicit expression for the quantum channel associated with the op-
timal teleportation with an arbitrary mixed state resource. The transmission
fidelity of the corresponding quantum channel is given in terms of the fully
entangled fraction of the quantum resource.
2 A most simple example – teleportation of a qubit state
We address the quantum teleportation problem from a most simple example:
the teleportation of a quantum bit (qubit) state. The state of a qubit is
mathematically a vector in two dimensional complex Hilbert space H. Taking
two bases of H to be |1〉 =
(
0
1
)
and |0〉 =
(
1
0
)
, a general state of a qubit
can be written as
|α〉 = a|1〉+ b|0〉 =
(
a
b
)
, a, b ∈ C (1)
with normalization |a|2 + |b|2 = 1. A quantum measurement on φ would
projects the state to |1〉 (resp. |0〉) with probability |a|2 (resp. |b|2).
The states of multiple qubits are then the vectors on the space H ⊗H⊗
...⊗H. A vector on H⊗H⊗ ...⊗H that can not be written as (a1|1〉+b1|0〉)⊗
(a2|1〉 + b2|0〉) ⊗ ... ⊗ (an|1〉 + bn|0〉) for some ai, bi ∈ C is called entangled.
For example, the EPR (Einstein, Podolsky and Rosen) pair
β =
1√
2
(|00〉+ |11〉) (2)
is a maximally entangled state.
The transformations on the vector states are called quantum gates. As a
quantum system evolves unitarily, these quantum gates are just unitary trans-
formations given by matrices M such that MM † = I, where † stands for
conjugation and transpose, I is the identity matrix.
The followings are typical quantum gates on a single qubit:
I =
(
1 0
0 1
)
, X =
(
0 1
1 0
)
, Y =
(
0 −1
1 0
)
, Z =
(
1 0
0 −1
)
,
where X (resp. Z) functions as negation (resp. phase shift), Y = ZX . A
useful gate on two qubits called Controlled-not gate is given by
Cnot =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 .
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It is easily checked that Cnot maps |00〉 → |00〉 , |01〉 → |01〉 , |10〉 → |11〉,
and |11〉 → |10〉. Another useful gate is called Hadamard Transformation H :
H =
1√
2
(
1 1
1 −1
)
. It maps |0〉 → 1√
2
(|0〉+ |1〉) and |1〉 → 1√
2
(|0〉 − |1〉).
Now Alice has a general qubit state (1) which is unknown to her (she does
not know the parameters a and b). But she would like Bob to have a qubit
state of the form (1). In addition they have another pair of qubits in EPR
state (2). Alice (resp. Bob) has the first (resp. second) qubit of the EPR pair.
Therefore the initial state is given by
|α〉 ⊗ |β〉 = 1√
2
(
a |0〉 ⊗ (|00〉+ |11〉) + b |1〉 ⊗ (|00〉+ |11〉))
=
1√
2
(
a |000〉+ a |011〉+ b |100〉+ b |111〉).
Alice applies first the gate Cnot to her two qubits, then the gate H to the
qubit whose state is to be teleported. After these transformations the initial
state becomes
(H ⊗ I ⊗ I)(Cnot ⊗ I)(|α〉 ⊗ |β〉)
= (H ⊗ I ⊗ I) 1√
2
(
a |000〉+ a |011〉+ b |110〉+ b |101〉)
=
1
2
(|00〉 (a |0〉+ b |1〉) + |01〉 (a |1〉+ b |0〉)
+ |10〉 (a |0〉 − b |1〉) + |11〉 (a |1〉 − b |0〉)).
Alice measures her two qubits. With equal probabilities she will get one of the
states: |00〉, |01〉, |10〉 or |11〉. Accordingly Bob’s qubit is projected to one of
the states: a |0〉+b |1〉, a |1〉+b |0〉, a |0〉−b |1〉 or a |1〉−b |0〉 respectively. Alice
tells Bob the results of her measurement by two classical bits information on
classical channel. Bob applies one of the gates: I, X , Z, or Y with respect to
the classical bits he received.
bits received state decoding
00 a |0〉+ b |1〉 I
01 a |1〉+ b |0〉 X
10 a |0〉 − b |1〉 Z
11 a |1〉 − b |0〉 Y
The state of Bob’s qubit is then transformed into |α〉 exactly.
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3 Teleportation of general finite-dimensional quantum pure states
The example in the preceding section is about the teleportation of a pure two
dimensional (qubit) state. We consider now the teleportation of a general N -
dimensional quantum state. We denote by {|i〉, i = 0, ..., Nθ−1} an orthogonal
normalized basis of an Nβ-dimensional Hilbert space Hθ, θ = 1, 2, 3. The
spaces H1 and H2 are associated with Alice, while H3 is associated with Bob.
Alice has particles in general quantum states on the Hilbert space H1 of the
form
|Ψ0〉 =


α1
...
αN1

 = N1−1∑
i=0
αi|i〉, |Ψ0〉 ∈ H1, (3)
where αi ∈ C,
∑N1−1
i=0 |αi|2 = 1.
A general entangled state of two particles in the Hilbert spaces H2 and H3
is of the form
|Ψ1〉 =
N2−1∑
i=0
N3−1∑
j=0
aij |ij〉,
N2−1∑
i=0
N3−1∑
j=0
|aij |2 = 1 (4)
for some complex coefficients aij ∈ C. The degree of entanglement depends
on the coefficients aij , i = 0, ..., N2 − 1, j = 0, ..., N3 − 1. To send the state
|Ψ0〉 to Bob’s hand, it is necessary that N3 ≥ N1. In the following we take
N3 = N1.
The initial state Alice and Bob have is then given by
|Ψ0〉 ⊗ |Ψ1〉 =
N1−1∑
i,k=0
N2−1∑
j=0
αiajk|ijk〉 ∈ H1 ⊗H2 ⊗H3 . (5)
Alice has the first and the second particles and Bob has the third one. To
transform the state of Bob’s particle to be |Ψ0〉, similar to the qubit case, one
has to do some unitary transformation U and measurements. Let U be the
unitary transformation acting on the tensor product of two quantum states in
the Hilbert spaces H1 and H2 such that
U(|ij〉) =
N1−1∑
s=0
N2−1∑
t=0
bijst|st〉, (6)
with
N1−1∑
s=0
N2−1∑
t=0
bijstb
∗
ijs′t′ = δss′δtt′ , ∀i = 0, 1, ..., N1 − 1, j = 0, 1, ..., N2 − 1.
5
Theorem 1 If bijst satisfies the following relation
N1∑
i=1
N2∑
j=1
αiajkbijst =
1√
N1N2
αk−t+1cs k−t+1 t (7)
for some cijk ∈ C such that cijkc∗ijk = 1, U is the unitary transformation that
fulfills the quantum teleportation.
Proof. From (6) and (7) we have, with |Ψ0〉 (resp. |Ψ1〉) as in (3) (resp. (4)):
(U ⊗ 1)(|Ψ0〉 ⊗ |Ψ1〉) ≡ |ψ〉 =
N1−1∑
i,s,k=0
N2−1∑
j,t=0
αiajkbijst|stk〉
=
1√
N1N2
N1−1∑
s,k=0
N2−1∑
t=0
αk−t+1cs k−t+1 t|stk〉
=
1√
N1N2
N1−1∑
i,j=0
N2−1∑
k=0
cijkαj |ik k + j − 1〉,
where the indices i, j, k in the basis vector |ijk〉 are understood to be taken
modulo by N1 − 1, N2 − 1 and N1 − 1 respectively.
Now Alice measures her two qubits in the state |ψ〉 ∈ H1 ⊗H2. If |ik〉 is
the state obtained after the measurement, i.e.,
|ψ〉 → |ik〉 ⊗

N1−1∑
j=0
cijkαj |k + j − 1〉

 ,
then in order to recover the original state |Ψ0〉, the unitary operator that Bob
should use to act on his qubit is
Oik = PkCik, i = 0, 1, ..., N1 − 1, k = 0, 1, ..., N2 − 1, (8)
where Pk is the (k − 1)-th power of the permutation operator, Pk = Πk−1,
Π =


1
1
1
. . .
1


(where the places without integer 1 are zero) and Cik = diag(c
∗
i1k, c
∗
i2k, ..., c
∗
iN1k
).
After this transformation, one gets |ψ〉 → |ik〉 ⊗ |Ψ0〉 and the state |Ψ0〉 given
by (3) is teleported from Alice to Bob. ✷
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As a consequence of the above Theorem whenever an entangled state in
the sense of (4) is given, i.e. the aij are given, if there are solutions of bijst to
equation (7), we have a unitary transformation U that fulfills the teleportation.
The condition (7) can also be rewritten as
√
N1N2
N2−1∑
i=0
ai t+j−1bjist = csjt . (9)
The unitary transformation (6) given by the quantities bjist used in our tele-
portation protocol depends on the initially given entangled state (4) and the
dimensions of the Hilbert spaces H1, H2, H3.
For general N ≡ N1 = N2 = N3, if we take
aij =
δij√
N
, (10)
the entangled state (4) is given by
|Ψ1〉max = 1√
N
N−1∑
i=0
|ii〉.
From equation (9), we obtain the unitary transformation (6) used in the tele-
portation protocol with
bi t+i−1 st =
csit√
N
, (11)
with csit as in (7), the other coefficients b in (6) being zero. It is easily checked
that the transformation (6) given by (11) is a unitary one. The teleportation
is accomplished by applying the unitary operation (8) according to the result
of Bob’s measurement. For some particular values of the coefficients csit, this
result concide with the one in [11].
According to the Schmidt decomposition, see e.g. [18], in this case the
entangled state (4) on the Hilbert spaces H2 and H3 can be written as
N−1∑
i=0
√
λi|ii〉
in a suitable basis, where λi ≥ 0,
∑N−1
i=0 λi = 1. That is, we can take aij =√
λiδij . Substituting this into equation (9), we have√
λt+j−1bj t+j−1 st = csit.
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According to the unitarity of the transformation U and the condition cijkc
∗
ijk =
1, one gets λi = 1/N , i = 0, 1, ..., N − 1, and the state (4) is maximally
entangled, which shows that with a less than maximally entangled state it is
impossible to give a unitary transformation that fulfills perfect teleportations.
For N = 2, taking c111 = c211 = c121 = c112 = c212 = c122 = −c221 =
−c222 = 1 (this choice satisfies the condition cijkc∗ijk = 1), we have O11 = I,
O12 = σx, O21 = σz , O22 = iσy, where σx,y,z are Pauli matrices and I is
the 2 × 2 identity matrix. The unitary transformation U is then equal to
the joint actions of the controlled-not gate CNOT and the Walsh-Hadamard
transformation H , as defined, e.g., in [20,21]. This recovers the usual pro-
tocol for teleporting two level quantum states 1, the most simple example of
teleportation given in section 2.
When N = 2l for some l ∈ IN , a case discussed in [7], |Ψ1〉 can be rewritten
as
|Ψ1〉 =
l∏
i=1
|β〉i =
l∏
i=1
1√
2
(|00〉+ |11〉)i,
|β〉i stands for the i-th EPR pair with the first (resp. second) qubit attached
to the Hilbert space H2 (resp. H3). Therefore instead of a fully entangled
state of two N -level qubits, we only need l pairs of entangled two-level qubits.
This conforms with the discussions in [7].
Generally, the dimension N2 of H2 can be greater than N1. As long as
one prepares the entangled state of two qubits in the Hilbert spaces H3 and
the sub Hilbert space H2 ⊂ H2, with dim(H2) = N1, the above results are still
valid.
We consider now some special cases of teleportations when some compo-
nents of the initial state are zero. Without losing generality, let αi 6= 0 for
i = 1, ..., n1, n1 < N1, and αi = 0 for i = n1 + 1, ..., N1 (We remark that
for a given N1-dimensional vector it is always possible to make some of its
components to be zero by changing the basis. But such a basis transforma-
tion depends of course on the components of the given vector, hence for an
unknown quantum state this kind of transformation has no practical use).
The initial state to be teleported under the above hypothesis can be written
as
|Ψ0〉 =
n1∑
i=1
αi|i〉 .
We take the dimension of H2 to be N2 = n1 < N1. The entangled state used
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to teleport |Ψ0〉 can be prepared in the following way:
aij =


1√
n1
δij , j = 1, ..., n1
0, j = n1 + 1, ..., N1
(12)
for i = 1, 2, ...n1. From (9) we get the unitary transformation (6) with
bi t+i−1 st =
csit√
N1
for t, t+ i− 1 (mod n1) = 1, ..., n1, i, s = 0, 1, ..., N1 − 1, the other coefficients
bjist in (9) being zero.
An example is the teleportation of an EPR pair |Ψ0〉 = a|01〉 + b|10〉,
|a|2 + |b|2 = 1, as discussed in [4]. In this case we have N1 = 4. |Ψ0〉 can
be written as α|3〉 + β|2〉 ≡ α|1′〉 + β|2′〉. The dimension of the auxiliary
Hilbert space H2 is only needed to be n1 = 2. The entangled state is given by
|Ψ1〉 = 1√2 (|11′〉+ |22′〉) =
1√
2
(|13〉+ |22〉) = 1√
2
(|101〉+ |010〉).
Here as n1 = N1/2 = 2, instead of (12), we may alternatively take aij =
1√
n1
δij for j = n1 + 1, ..., N1 and aij = 0 for j = 1, ..., n1. Then the entangled
state becomes |Ψ1〉 = 1√2 (|11〉+|24〉) =
1√
2
(|000〉+|111〉), which is called a GHZ
triplet consisting of three two-level qubits and can be realized experimently
[22,23]. The unitary transformation is given by bi t+i−1 st = csit/
√
N1 for
t = 1, ..., n1, t+ i− 1 (mod n1) = n1 + 1, ..., N1, i, s = 0, 1, ..., N1 − 1, and the
other coefficients bjist in (9) being zero. For a suitable choice of the sign of
csit, this recovers the result in [4].
4 Standard teleportation of mixed states
In realistic situations, due to the interactions with the environment, instead
of a pure state, Alice may have a mixed state ρ. And instead of the pure
maximally entangled states, Alice and Bob usually share a mixed entangled
state χ. Before considering the the teleportation of a mixed state by a mixed
entangled state as an entangled resource, we first reformulate the teleportation
protocol for pure states.
Any linear operator A : Hα −→ Hβ can be represented by an Nβ ×Nα-
matrix as follow:
A(|α〉) =
Nβ−1∑
i=0
Aαi|i〉, |α〉 ∈ Hα.
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Take N1 = N3 = n, N2 = m. To transform the state |Ψ0〉 in (3) to Bob
by using the entangled state (4) and the unitary transformation U in (6), we
introduce a numbermn ofm×n-matrices with matrix elements (Bst)ij = bij,st.
Let A be an n×m matrix with matrix element (A)ij = aij . We have
Theorem 2 If {Bst} and A satisfy the following relation

tr
(
BstB
+
s′t′
)
= δtt′δss′ ,
B+stA
+A Bst = |λst|2 In×n ,
AA+ = 1
n
In×n ,
(13)
for some nonzero complex number λst such that
∑
s,t |λst|2 = 1, then U is a
unitary transformation that fulfills perfect quantum teleportation.
Proof. The first condition in (13) is equal to the unitary condition for the
transformation (6). From (5) and (6), after Alice measures her two particles
with outcoming state |st〉, Bob’s particle will become
|Ψ0〉 −→ Tst|Ψ0〉 = ABst|Ψ0〉.
If the condition (13) is satisfied, then we have T+stTst = TstT
+
st = |λst|2In×n,
and perfect quantum teleportation is fulfilled. ✷
For the m = n case, introducing Ust =
√
nBst, condition (13) is equivalent
to {
tr
(
UstU
+
s′t′
)
= nδtt′δss′ ,
Ust U
+
st = In×n,
(14)
with
AA+ = A+A =
1
n
In×n and |λst|2 = 1
n2
. (15)
Hence, only the maximally entangled state (4) (satisfying AA+ = A+A =
1
n
In×n) can fulfill the perfect quantum teleportation. For the maximally en-
tangled state shared by Alice and Bob, in order to teleport an unknown state
perfectly, one should find a number n2 of n × n-matrices which satisfy (14)
(these constitute, according to Werner’s definition 8, a basis for the unitary
operators). The classification of the general solution of (14) is an open prob-
lem 8. Fortunately, we can construct a special solution up to a global unitary
transformation in the sense of [8] as follows.
Let the n× n matrices h, g be such that h|j〉 = |(j + 1) mod n〉, g|j〉 =
ωj |j〉, with ω = exp{−2ipi
n
}. Define n2 linear-independent n× n-matrices
Ust = h
tgs (16)
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which satisfy
UstUs′t′ = ω
st′−ts′Us′t′Ust, tr(Ust) = nδs0δt0. (17)
One can check that such Ust in (17) satisfy equation (14) and form a complete
basis of n×n-matrices. They can be used to complete the perfect teleportation
through a maximally entangled state 1,19.
In the following part of this paper, we focus on the case m = n. Set
|Φ〉 = 1√
n
n−1∑
i=0
|ii〉, (18)
and let the {Ust} be as in (17). The standard teleportation protocol T0 1 can
be written as the following linear transformation
T {|Φ〉}T0 (|φ〉) =
∑
s,t(
1√
n
Bst)
+ (Pst (U ⊗ 1 (|φ〉 ⊗ |Φ〉)))
=
∑
s,t
1√
n
B+st
1√
n
Bst|φ〉 = |φ〉,
(19)
where Pst is the projection (|st〉〈st|)⊗1. Namely, the noiseless quantum channel
is
Λ
(|Φ〉〈Φ|)
T0
(ρ) = ρ. (20)
Although in principle one can create pure and maximally entangled states
for teleportation, in a realistic situation any pure state will be evolved into a
mixed state due to its interaction with the environment (decoherence). These
unwanted interactions show up as noise in quantum information processing
systems. Teleportation using a mixed state as an entangled resource is, in
general, equivalent to having a noisy quantum channel.
We shall derive an explicit expression for the quantum channel associated
with the standard teleportation protocol in terms of an arbitrary mixed state
resource. From the complete basis (17), one can introduce a complete orthog-
onal normalized basis {|Φst〉} of the Hilbert spaces associated with Alice and
Bob,
|Φst〉 = (1⊗ Ust)|Φ〉 = 1√
n
∑
i,j
(Ust)ij |ij〉, and |Φ00〉 = |Φ〉. (21)
As locally unitary transformations do not change the degree of the entangle-
ment, each |Φst〉 is a maximally entangled state.
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Theorem 3 The standard teleportation protocol T0, when used with an ar-
bitrary mixed state with density matrix χ, as a resource, acts as a general
trace-preserving quantum channel,
Λ
(χ)
T0
(ρ) =
n−1∑
s,t=0
〈Φst|χ|Φst〉Ust ρ U+st . (22)
Proof. If Alice and Bob share with a general pure state (4) as their quantum
resource, after the measurement based on the Bell-basis |Φst〉, Bob’s particle
becomes an (unnormalized) state
|φ〉 −→ (Pst (U ⊗ 1 (|φ〉 ⊗ |Ψ〉))) = ABst|φ〉.
In terms of the density matrix, we have
ρ −→ ABst ρ B+stA+ .
After some local unitary operations by Bob, according to the results of the
measurement made by Alice, the final state can be given as
Λ(|Ψ〉〈Ψ|)(ρ) =
∑
t,β
U+tβABtβ ρ B
+
tβA
+Utβ.
Suppose that {pα, |Ψα〉} is one of the ensemble constituting the arbitrary
mixed state χ, i.e.
χ =
∑
α
pα|Ψα〉〈Ψα|, 0 ≤ pα ≤ 1 (23)
and ∑
α
pα = 1, |Ψα〉 =
∑
i,j
a
(α)
ij |ij〉.
From the standard teleportation protocol T0, with the resource state χ, the
final Bob’s state becomes
Λ
(χ)
T0
(ρ) =
∑
t,β
∑
α
pαU
+
tβA
(α)Btβ ρ B
+
tβ(A
(α))+Utβ. (24)
Since each matrix A(α) can be decomposed in the basis {Ust},
(A(α))ij =
∑
s,t
a
(α)
st (Ust)ij , (25)
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using Btβ =
1√
n
Utβ , (24) becomes
Λ
(χ)
T0
(ρ) =
1
n
∑
s,t
∑
s′,t′
(∑
α
pαa
(α)
st a
(α)∗
s′t′
)∑
γ,β
U+γβUstUγβ ρ U
+
γβU
+
s′t′Uγβ
=
1
n
∑
s,t
∑
s′,t′
(∑
α
pαa
(α)
st a
(α)∗
s′t′
)
Ust ρ U
+
s′t′
∑
γβ
ωsβ−tγ−s
′β+t′γ
=
1
n
∑
s,t
∑
s′,t′
(∑
α
pαa
(α)
st a
(α)∗
s′t′
)
Ust ρ U
+
s′t′ n
2δss′δtt′ , (26)
where we have used the equations (17) and the identity
∑n
k=1 ω
mk = nδm0.
Using the definition of the generalized Bell-states {|Φst〉} given in (21), after
a lengthy calculation, we arrive at
n
∑
α
pαa
(α)
st a
(α)∗
s′t′ = 〈Φst|χ|Φs′t′〉.
Substituting the above results into (26), one obtains (22). Using (14), the
trace-preserving property of the quantum channel can be derived from the
following useful identity∑
s,t
Ust ρ U
+
st = n tr(ρ) In×n. (27)
✷
The most important consequence of our result is that in order to fulfill the
perfect noise-free teleportation, the entangled resource should not only be a
maximally entangled state but also a pure state 8, otherwise the out coming
state is always mixed. The success of teleportation can be quantified by the
transmission fidelity between outstate and instate defined by
f(χ) = 〈φin|Λ(χ)T0 (|φin〉〈φin|)|φin〉, (28)
averaged over all pure input states φin.
In order to calculate the transmission fidelity (28), we need an elementally
irreducible representation G of the unitary group U(n). Let U(g) be the
unitary matrix representation of any element of G. Recalling Schur’s Lemma,
one has the identity∫
G
dg (U+(g)⊗ U+(g)) σ (U(g)⊗ U(g)) = α1I ⊗ I + α2P, (29)
α1 =
n2tr(σ) − ntr(σP )
n2(n2 − 1) , α2 =
n2tr(σP ) − ntr(σ)
n2(n2 − 1) ,
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for any operator σ acting on the tensor space, where P is the flip operator such
that P |ij〉 = |ji〉. The invariant (Haar) measure dg on G is normalized such
that
∫
G
dg = 1.
Theorem 4 The transmission fidelity of the standard teleportation protocol
with arbitrary mixed state χ as a resource is given by
f(χ) =
n
n+ 1
F (χ) +
1
n+ 1
, (30)
where F (χ) = 〈Φ|χ|Φ〉 is the singlet fraction of the resource χ.
Proof. From Theorem 3, we have
f(χ) =
∑
s,t
〈Φst|χ|Φst〉〈φin|Ust|φin〉〈φin|U+st |φin〉
=
∑
s,t
〈Φst|χ|Φst〉〈φin|〈φin| (Ust ⊗ U+st) |φin〉|φin〉
=
∑
s,t
〈Φst|χ|Φst〉 (31)
∫
G
dg 〈00|(U+(g)⊗ U+(g)) (Ust ⊗ U+st) (U(g)⊗ U(g)) |00〉
=
1
n(n+ 1)
∑
s,t
〈Φst|χ|Φst〉
{
tr(Ust) tr(U
+
st) + tr(UstU
+
st)
}
= 〈Φ00|χ|Φ00〉 n
n+ 1
+
1
n+ 1
,
where we have used the identity (29) and tr12 ((A⊗B)P ) = tr(AB) in deriving
the fourth equation, and have used the identity (17) in the last equation. ✷
Formula (30) implies that the transmission fidelity of the standard tele-
portation protocol depends on the maximally entangled fraction only. Hence,
in order to improve the transmission fidelity of the standard teleportation pro-
tocol with a given entangled resource, one must distill the singlet fraction of
the resource in terms of a distillation protocol 11.
5 Optimal teleportation of mixed quantum states
From above we see that the main operations in the quantum teleportation
protocol are: 1) a unitary transformation and a measurement by Alice (Bell
measurement); 2) according to the results of the measurement, a unitary trans-
formation by Bob. In the last section the unitary transformation used by Bob
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is the same as the one in standard teleportation (i.e., when the entangled state
used in teleportation is maximally entangled). A question one would ask is
wether the fidelity given by (30) is the best one or not. In this section we
consider the following problem: based on the Bell measurement, what kind of
unitary transformation should be used by Bob to get an optimal fidelity.
{Ust} in (16) form a complete basis of n × n-matrices, namely, for any
n× n matrix W , W can be expressed as
W =
1
n
∑
s,t
tr(U+stW )Ust. (32)
In general, all the maximally entangled pure states are equivalent to |Φ〉 in
(18): |Ψmax〉 = 1⊗U |Φ〉, where U is a unitary transformation. One can define
the fully entangled fraction 12 of a state χ by
F(χ) = max{〈Φ|(1⊗ U+) χ (1⊗ U)|Φ〉} (33)
for all UU+ = U+U = In×n. Since the group of unitary transformations in
n-dimensions is compact, there exists an unitary matrix Wχ such that
F(χ) = 〈Φ|(1 ⊗W+χ ) χ (1 ⊗Wχ)|Φ〉. (34)
Suppose now again Alice and Bob previously share a pair of particles in
an arbitrary mixed entangled state χ. To transform an unknown state to Bob,
Alice first performs a joint Bell measurement based on the generalized Bell-
states (21) on her parties. According to the measurement results of Alice, Bob
chooses particular unitary transformations {Tst} to act on his particle.
Theorem 5 The teleportation protocol defined by {Tst}, when used with an
arbitrary mixed state with density matrix χ as a resource, acts as a general
trace-preserving quantum channel
Λ
(χ)
{T}(ρ) =
1
n2
∑
s,t
∑
s′,t′
〈Φst|χ|Φs′t′〉
{∑
γβ T
+
γβUstUγβ ρ U
+
γβU
+
s′t′Tγβ
}
.
(35)
Proof. The proof can be given in two steps:
Step 1. Pure entangled state as a resource. To transform the state |Ψ0〉 to
Bob, Alice performs a joint Bell measurement based on the generalized Bell-
states Eq.(21) on her party. After her measurement with outcoming in the
state |Φst〉, Bob’s particle gets into an (unnormalized) state
|φ〉 −→ 1√
n
AUst|φ〉.
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Once Bob learns from Alice that she has obtained the result st, he performs
on his previously entangled particle (particle 3) a unitary transformation Tst.
Then the final state becomes 1√
n
T+stAUst|φ〉. In terms of the density matrix,
the teleportation based on the unitary matrices {Tst} , with quantum resource
being a pure state |Ψ1〉, is a quantum channel with the output
Λ
(|Ψ1〉〈Ψ1|)
{T} (ρ) =
1
n
∑
st
T+stAUst ρ U
+
stATst.
Step 2. An arbitrary mixed entangled state as a resource. Applying the tele-
portation protocol T with a mixed state χ, Bob’s state becomes
Λ
(χ)
{T}(ρ) =
1
n
∑
s,t
∑
α
pαT
+
stA
(α)Ust ρ U
+
st(A
(α))+Tst. (36)
As A(α) can be decomposed in the basis {Ust} by formula (25), (36) becomes
Λ
(χ)
{T} (ρ) =
1
n
∑
s,t
∑
s′,t′
(∑
α
pαa
(α)
st a
(α)∗
s′,t′
)∑
γ,β
T+γβUstUγβ ρ U
+
γβU
+
s′t′Tγβ.
Using the definition of generalized Bell-states {|Φst〉} in (21), after a lengthy
calculation, we arrive at
n
∑
α
pαA
(α)
st A
(α)∗
s′,t′ = 〈Φst|χ|Φs′t′〉.
Substituting the above results into (36), we obtain (35). Using (14) and
the identity∑
s,t
U+st A Ust = n tr(A) In×n, for any n× n matrix A,
the trace-preserving property of the quantum channel can be proved,
tr
(
Λ
(χ)
{T}(ρ)
)
=
1
n2
∑
s,t
∑
s′,t′
〈Φst|χ|Φs′t′〉


∑
γβ
tr
(
U+γβU
+
s′t′UstUγβρ
)

=
1
n
∑
s,t
∑
s′,t′
〈Φst|χ|Φs′t′〉tr
(
UstU
+
s′t′
)× tr(ρ)
=
∑
s,t
〈Φst|χ|Φst〉 = tr(χ) = 1.
✷
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Theorem 6 The transmission fidelity of the teleportation protocol defined by
{Tst} with arbitrary mixed state χ as a resource is given by
f(χ) =
1
n(n+ 1)
∑
γβ
〈Φ|
(
1⊗ (TγβU+γβ)+
)
χ
(
1⊗ TγβU+γβ
)
|Φ〉
+
1
n+ 1
.
(37)
Proof. From (28), Theorem 5 and formula (29), one has
f(χ) =
1
n2
∑
s,t
∑
s′,t′
〈Φst|χ|Φs′t′〉
∑
γβ 〈φin|T+γβUstUγβ|φin〉〈φin|U+γβU+s′t′Tγβ|φin〉
=
1
n2
∑
s,t
∑
s′,t′
〈Φst|χ|Φs′t′〉
∑
γβ 〈φin| ⊗ 〈φin|
(
T+γβUstUγβ ⊗ U+γβU+s′t′Tγβ
)
|φin〉 ⊗ |φin〉
=
1
n2
∑
s,t
∑
s′,t′
〈Φst|χ|Φs′t′〉
∑
γβ
〈00|
∫
G
dg (U(g)+ ⊗ U(g)+)
(
T+γβUstUγβ ⊗ U+γβU+s′t′Tγβ
)
(U(g)⊗ U(g))|00〉
=
1
n3(n+ 1)
∑
s,t
∑
s′,t′
〈Φst|χ|Φs′t′〉
∑
γβ
{
tr
(
T+γβUstUγβ
)
tr
(
U+γβU
+
s′t′Tγβ
)
+tr
(
T+γβUstUγβU
+
γβU
+
s′t′Tγβ
)}
=
1
n(n+ 1)
∑
γβ
〈Φ|
(
1⊗ (TγβU+γβ)+
)
χ
(
1⊗ TγβU+γβ
)
|Φ〉+ 1
n+ 1
,
where the identity tr12 ((A⊗B)P ) = tr(AB), (14) and (32) have been used.
✷
Obviously when the term 〈Φ|
(
1⊗ (TγβU+γβ)+
)
χ
(
1⊗ TγβU+γβ
)
|Φ〉 is max-
imized, i.e., TγβU
+
γβ = Wχ, one gets the maximal fidelity. Recalling the def-
inition of the fully entangled fraction (33) and (34), we arrive at our main
result:
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Theorem 7 The optimal teleportation based on the Bell measurements, when
used with an arbitrary mixed state with density matrix χ as a resource, acts as
a general trace-preserving quantum channel
Λ
(χ)
O (ρ) =
1
n2
∑
s,t
∑
s′,t′〈Φst|χ|Φs′t′〉
{∑
γβ U
+
γβW
+
χ UstUγβ ρ U
+
γβU
+
s′t′WχUγβ
}
.
(38)
The corresponding transmission fidelity is given by
fmax(χ) =
nF(χ)
n+ 1
+
1
n+ 1
, (39)
where F(χ) is the fully entangled fraction (33) and Wχ is the unitary matrix
which fulfills such a fully entangled fraction in (34).
We have studied the general properties of teleportation for finite dimen-
sional discrete pure quantum states. The protocol we presented is for generally
given entangled states with N3 = N1. If N3 > N1, one can always take a sub-
space H3 ⊂ H3 such that dim(H3) = N1 and prepare the entangled state in
the Hilbert spaces H2 and H3. Accordingly the initial state |Ψ0〉 will be sent
to the subspace H3.
For teleportation of quantum mixed states, we obtained an explicit ex-
pression of the output state of the optimal teleportation, with arbitrary mixed
entangled state as resource, in terms of some noisy quantum channel. This
allows us to calculate the transmission fidelity of the quantum channel. It is
shown that the transmission fidelity depends only on the fully entangled frac-
tion of the quantum resource shared by the sender and the receiver, whereas
that of a standard teleportation depends on the singlet fraction. Therefore the
fidelity in our optimal teleportation protocol is in general greater than the one
in the standard teleportation protocol 1,14,15,16.
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